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CHAIN POSETS
IAN T. JOHNSON
Abstract. A chain poset, by definition, consists of chains of ordered elements in a
poset. We study the chain posets associated to two posets: the Boolean algebra and
the poset of isotropic flags. We prove that, in both cases, the chain posets satisfy the
strong Sperner property and are rank-log concave.
1. Introduction
Given a poset (P,≤), it is often useful to consider chains in P , or ordered collections
of elements of P . In this paper, we consider a poset structure on the set of chains in a
poset P , formulated in Definition 2.1.
While gradedness is preserved by this chain poset structure (that is, if P is a graded
poset then so is P [k] for all k ∈ N), other properties like rank-symmetry and rank-
unimodality are not, in general. This paper focuses primarily on the special cases of
the well-known Boolean algebra Bn and a close relative, the poset of isotropic flags In,
for which stronger results can be proved regarding their chain posets. In particular, for
all k ∈ N, Bn[k] and In[k] are both rank-log concave, which implies rank-unimodality,
and satisfy the strong Sperner property.
The key to proving these results is the expression of Bn and In as direct products
of simpler posets; for these simpler posets, it is almost trivial to prove the desired
properties. The chain poset structure is compatible with the direct product; that is,
for posets P and Q and k ∈ N, (P × Q)[k] ∼= P [k] × Q[k]. Finally, a result of [Engel]
on the direct products of posets allows us to prove the desired properties of Bn[k] and
In[k].
In the following section, we will expand this brief sketch by proving the claims made
at each step and explaining their precise formulations in more detail.
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2. Properties of chain posets
2.1. Basic properties. We define the notion of chain posets as follows.
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Definition 2.1. Let (P,≤) be a poset. Given k ∈ N, define the poset of k-chains
P [k] = {(x1 ≤ x2 ≤ · · · ≤ xk) | xi ∈ P ∀i}.
The poset structure (P [k],≤k) is defined by
(x1 ≤ x2 ≤ · · · ≤ xk) ≤k (x
′
1 ≤ x
′
2 ≤ · · · ≤ x
′
k)⇔ xi ≤ x
′
i ∀i.
For a graded poset P (we omit the ordering ≤ when it is clear from context), we use
the convention that the rank function ρ satisfies ρ(x) = 0 for all minimal x ∈ P and
ρ(x) = ρ(y) + 1 for all x, y ∈ P such that x⋗ y.
Proposition 2.2. Let P be a graded poset of rank N ; that is, every maximal chain
in P has N elements. Then P [k] is graded of rank kN . Furthermore, we have the
following expression for the rank ρ of an element in P [k]:
ρ(x1 ≤ x2 ≤ · · · ≤ xk) =
k∑
i=1
ρ(xi).
Proof. This follows from a simple observation regarding the elements covered by a
particular chain: given x = (x1 ≤ x2 ≤ · · · ≤ xk), y = (y1 ≤ y2 ≤ · · · ≤ yk) ⋖ x if and
only if yi = xi for all 1 ≤ i ≤ k with exactly one exception j, and yj ⋖ xj . It is clear
that we indeed have y < x, and by our condition that yj ⋖ xj for exactly one j we see
that there can be no element z such that y < z < x.
Since P is graded, this implies that if y ⋖ x, then
k∑
i=1
ρ(yi) =
k∑
i=1
ρ(xi)− 1.
Thus, the desired statement follows by induction on
∑k
i=1 ρ(xi). 
It is natural to ask whether other common properties of posets, such as rank-
symmetry or rank-unimodality, carry over to their posets of k-chains in a similar man-
ner. In general, this is not the case, as shown by the following counterexamples.
Example 2.3. The following poset P (left) is rank-symmetric, but the corresponding
P [2] (right) is not. In the Hasse diagram for P [2], we abbreviate the chain C ≤ A by
CA, and so on.
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A B
C D E
F G
AA BB
CA DA DB EB
CC FA DD FB GB EE
FC FD GE
FF GG
Example 2.4. The following poset P (left) is rank-unimodal, but the corresponding
P [2] (right) is not. In the Hasse diagram for P [2], we abbreviate the chain C ≤ A by
CA, and so on.
A
B C
D E
F
AA
BA CA
BB DA EA CC
DB FA EC
DD FB FC EE
FD FE
FF
2.2. Direct products. Recall that, given two posets (P,≤P ) and (Q,≤Q), their direct
product is defined as (P ×Q,≤), where the set P ×Q is the ordinary Cartesian product
of the sets P and Q and the relation ≤ is defined by
(p1, q1) ≤ (p2, q2)⇔ (p1 ≤P p2) ∧ (q1 ≤Q q2).
This direct product is similar in many ways to the definition of the chain posets
in Section 1. Indeed, the definition of the ordering ≤ is identical, motivating the
following lemma and its corollary.
Lemma 2.5. Let (P,≤P ) and (Q,≤Q) be posets. Then for any k ∈ N,
(P ×Q)[k] ∼= P [k]×Q[k].
Proof. We use the following correspondence between the elements of (P × Q)[k] and
P [k]×Q[k]:
(p1, q1) ≤ (p2, q2) ≤ · · · ≤ (pk, qk)↔ (p1 ≤P p2 ≤P · · · ≤P pk, q1 ≤Q q2 ≤Q · · · ≤Q qk).
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That this relation is bijective follows immediately, as does the required “order-preservation”
property: if e1, e2 ∈ (P ×Q)[k] and e
′
1, e
′
2 ∈ P [k]×Q[k] are the corresponding elements,
then we have e1 ≤ e2 ⇔ e
′
1 ≤ e
′
2. 
Corollary 2.6. Let P be a poset and k ∈ N. Then for any n ∈ N, we have
(Pn)[k] ∼= (P [k])
n,
where Pn ≡ P × P × · · · × P︸ ︷︷ ︸
n times
.
[Engel, Chapters 4.5 and 4.6] provide a very useful method for proving that a given
direct product is rank-unimodal and Sperner, provided that its “factors” satisfy certain
properties.
The first of these properties is normality : if P is a graded poset and i ≥ 0, let
Pi ≡ {x ∈ P | ρ(x) = i}. Additionally, for any subset A ⊆ P , define ∇(A) to be the set
of all elements of P which cover some element of A. Then, following [Engel], we say
that P is normal if
|A|
|Pi|
≤
|∇(A)|
|Pi+1|
for all A ⊆ Pi and i = 0, . . . , n − 1. By [Engel, Corollary 4.5.3] normality implies the
strong Sperner property: for k ∈ N, a graded poset P has the k-Sperner property if no
union of k antichains of P contains more elements than the union of the k largest levels
of P ; P has the strong Sperner property if it has the k-Sperner property for all k ∈ N.
The second of these properties is rank-log concavity : if P is a graded poset, we say
that P is rank-log concave if the sequence |P0|, |P1|, . . . , |Pn| is log concave, that is, if
|Pi|
2 ≥ |Pi−1||Pi+1| for all i = 1, 2, . . . , n− 1. Noting that |Pi| > 0 for all 0 ≤ i ≤ n, we
can use [Stanley, Proposition 5.11] to conclude that rank-log concavity implies rank-
unimodality.
Theorem 2.7 ([Engel, Theorem 4.6.2]). If P and Q are posets which are both normal
and rank-log concave, then their direct product P × Q is also normal and rank-log
concave.
2.3. The Boolean algebra. We are now ready to introduce the Boolean algebra and
investigate its corresponding chain posets. Recall that the Boolean algebra Bn is defined
to be the set of all subsets of {1, 2, . . . , n}, ordered by inclusion. In a geometric setting,
the chain posets Bn[k] are related to the k-step flag varieties over F1.
Lemma 2.8. The Boolean algebra Bn ∼= T
n
1 , where T1 is the totally ordered set {0, 1}
(observe that T1 ∼= B1).
Proof. We can give an interpretation of Bn in terms of T
n
1 as follows. By definition,
every element S ∈ Bn is some subset of {1, 2, . . . , n}, while in T
n
1 the elements are n-
tuples consisting of 0s and 1s. Thus, a natural correspondence is to use 1 to indicate the
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presence of a certain natural number in S and 0 to indicate its absence. For example,
the elements of B2 correspond to T
2
1 as follows:
{1, 2} ↔ (1, 1)
{1} ↔ (1, 0)
{2} ↔ (0, 1)
∅↔ (0, 0).
The bijection and order-preservation properties follow immediately. 
In light of Corollary 2.6 and Theorem 2.7, we can now reduce the problem of Bn[k]
to that of T1[k], which is considerably simpler.
Lemma 2.9. For any k ∈ N, T1[k] ∼= Tk, where Tk is the totally ordered set {0, 1, . . . , k}.
Proof. The following is the Hasse diagram of T1[3], where e.g. 011 corresponds to the
chain 0 ≤ 1 ≤ 1:
111
011
001
000
This is clearly isomorphic to T3; the general case can be seen in the same way. 
Theorem 2.10. The poset Bn[k] is rank-log concave and strongly Sperner for n, k ∈ N
(in particular, it is rank-unimodal and Sperner).
Proof. Using Corollary 2.6, Lemma 2.9, and Lemma 2.8, we have
Bn[k] ∼= (T
n
1 )[k]
∼= (T1[k])
n ∼= T nk .
It is trivial that Tk is normal and rank-log concave; thus, by induction on Theorem 2.7,
T nk (and consequently Bn[k]) is normal and rank-log concave. 
2.4. The poset of isotropic flags. Closely related to the Boolean algebra explored
above is the poset of isotropic flags In, which we now define.
Definition 2.11. Denote by JnK the set {1, 2, . . . , n} and, likewise, Jn′K = {1′, 2′, . . . , n′}.
The poset of isotropic flags In is the set of all subsets of JnK⊔Jn
′K which contain no pair
{i, i′} for any i = 1, 2, . . . , n, ordered by inclusion. In the simplest case, I1 is shown
below:
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1 1′
∅
This construction has an analogue in a geometric setting which motivates the choice of
the name “isotropic flags”.
As with Bn, there exists a “factorization” of In as a direct product of simpler parts.
Lemma 2.12. For n ∈ N, we have In ∼= I
n
1 .
Proof. Similarly to Lemma 2.8, there is a natural correspondence between the elements
of In and those of I
n
1 : since we enforce the condition that there are no pairs {i, i
′} in
any element of In, we use 1 in position i of a tuple in I
n
1 to denote the presence of
i, 1′ to denote the presence of i′, and 0 to denote the absence of both. For example,
the element {1, 3′} ∈ I3 would correspond to the tuple (1, 0, 1
′) ∈ I31 . That this indeed
gives an isomorphism is easily seen in the same way as it was in Lemma 2.8. 
Lemma 2.13. For k ∈ N, I1[k] is normal and rank-log concave.
Proof. As in the proof of Lemma 2.9, we will give I1[3] as an example and let the
general case follow similarly (as before, 01′1′ is shorthand for 0 ≤ 1′ ≤ 1′, etc.):
111 1′1′1′
011 01′1′
001 001′
000
For higher values of k in I1[k], it can be seen that we simply add another level of
two elements on top of the Hasse diagram for I1[k − 1]. Thus, normality and rank-log
unimodality follow by inspection. 
The main theorem of this section, along with its proof, is analogous to Theorem 2.10.
Theorem 2.14. For n, k ∈ N, In[k] is strongly Sperner and rank-log concave.
Proof. By Lemma 2.12 and Corollary 2.6,
In[k] ∼= (I
n
1 )[k]
∼= (I1[k])
n.
Since, by Lemma 2.13, I1[k] is normal and rank-log concave, Theorem 2.7 implies that
(I1[k])
n is also normal and rank-log concave. 
Remark 2.15. The definition of In generalizes naturally to higher numbers of sets JnK,
Jn′K, Jn′′K, etc. disallowing any pairwise “matches” between the sets (i.e. for any i, we
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cannot have the pairs {i, i′}, {i, i′′}, {i′, i′′}). The k-chain posets of these generalizations
are also normal and rank-log concave, using the same method of proof as for In.
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